We consider an eight-dimensional Einstein-Yang-Mills theory to explore whether Yang-Mills instantons formed in extra dimensions can induce the dynamical instability of our four-dimensional spacetime. We show that the Yang-Mills instantons in extra dimensions can trigger the expansion of our universe in four-dimensional spacetime as well as the dynamical compactification of extra dimensions. We also discuss a possibility to realize a reheating mechanism via the quantum back-reaction from the contracting tiny internal space with a smeared instanton.
Introduction
The idea of inflation postulates a period of accelerated expansion during the Universe's earliest stages in order to explain the initial conditions for the hot big bang model [1] . It has subsequently been given a much more important role as the currently-favored candidate for the origin of structure in the Universe, such as galaxies, galaxy clusters and cosmic microwave background anisotropies [2] . The recent CMB observations have unambiguously proven the theory of the quantum origin of the universe structure [3] . See also Chapters 8 & 9 in [4] . Quantum fluctuations in the metric itself during inflation leads to an almost scale-invariant spectrum of primordial gravitational waves as well as density perturbations, which may contribute to the low multipoles of the CMB anisotropy. Hence the goal of inflationary cosmology is to understand the origin and early evolution of the universe and explain the observed large-scale structure with predictions for future observations. However, there are important unsolved problems in inflationary cosmology. For example, a few are listed as the fluctuation problem, the super-Planck-scale physics problem, the singularity problem and the cosmological constant problem [5] .
The inflation scenario so far has been formulated in the context of effective field theory coupled to general relativity. The simplest way to implement an inflationary phase is to assume some scalar field which carries significant vacuum energy. However, the expected outcome of inflation can easily change if we vary the initial conditions, change the shape of the inflationary potential, and often leads to eternal inflation and a multiverse [6] . In order for inflation to really answer the questions about our universe (for example, nature of the "inflaton" field, initial conditions and slow-roll conditions for inflation, graceful exit and reheating), we must identify the microphysical origin of this scalar field and its inflation potential. How is it connected to fundamental physics and what determines the details of the action including the gravity, kinetic, and potential sectors? In order to solve such problems, it is necessary to derive the theory of inflation from a more sophisticated fundamental theory.
The leading candidate for a fundamental theory of quantum gravity is string theory. In order for both string theory and inflation to be correct, one should demonstrate explicitly that string theory offers a correct cosmological description of the universe and incorporates inflation [7, 8] . Most of the effort in string theory to realize our universe has been devoted to constructing de Sitter vacua [9, 10] . But it turns out [11, 12] that it is very difficult to obtain a meta-stable de Sitter vacuum and it is fair to say that these scenarios have not yet been rigorously shown to be realized in string theory. Moreover, the landscape of string theory gives a vast range of choices for how our universe may fit in a consistent quantum theory of gravity. Given these difficulties in obtaining de Sitter vacua in string theory, it has been recently conjectured [13] that string theory does not admit de Sitter critical points. It has been also claimed [14] that inflationary models are generically in tension with the Swampland criteria which states the conditions that a low-energy effective theory has to satisfy to have any consistent UV completion inside a theory of quantum gravity. However, in these attempts to construct de Sitter-like vacua, a low-energy effective theory has been largely based on scalar fields such as vacuum moduli arising in string theory, which introduce notorious problems such as the moduli stabilization [10, 15] .
In this paper, we suggest an alternative inflationary model using Yang-Mills instantons in a higherdimensional gauge theory to set the physics of inflation on a more solid basis. We embed the cosmic inflation into the general framework of a well-defined field theory that describes particles and their interactions without introducing any scalar field as well as an ad hoc inflation potential. A basic idea is easy to understand. Consider a (4 + 1)-dimensional SU(2) Yang-Mills gauge theory. If one considers a static solution in this theory with the Hamilton gauge A 0 = 0, the Hamiltonian in (4 + 1)-dimensional spacetime where a positive integer n is the instanton number. We can generalize this argument to the eight-dimensional Yang-Mills gauge theory so that Yang-Mills instantons are formed in four-dimensional internal space but homogeneous in our four-dimensional spacetime. Then the instanton action corresponds to a (quantized) constant energy density ρ =
in our four-dimensional spacetime. If the gauge theory is coupled to the eight-dimensional gravity, such instantons act as a (quantized) cosmological constant in four-dimensional Universe. Therefore it is interesting to ask whether Yang-Mills instantons formed in extra dimensions can trigger a cosmic inflation in our four-dimensional spacetime. We scrutinize the dynamical instability of our four-dimensional spacetime induced by Yang-Mills instantons. Our analysis indicates that the YangMills instantons in internal space can act as an anti-gravitating matter source in our four-dimensional Universe. An accelerating expansion from and a dynamical compactification of extra dimensions are an old idea explored in many literatures [16, 17, 18] (see also Chapter 11.4 in [4] ) and similar ideas using monopoles and instantons in extra dimensions have appeared in [19, 20] . This paper is organized as follows. In section 2, we explain our idea on how Yang-Mills instantons formed in a four-dimensional internal space generate a (quantized) cosmological constant in fourdimensional spacetime in an approximation of ignoring their gravitational back-reaction. In section 3, we couple the eight-dimensional Yang-Mills gauge theory to Einstein gravity to incorporate the gravitational back-reaction from Yang-Mills instantons in extra dimensions. We derive underlying equations describing dynamical evolution of the eight-dimensional spacetime triggered by Yang-Mills instantons. Thus our setup is essentially different from [20] in which the eight-dimensional spacetime is static. In section 4, we numerically solve the evolution equations. We find that the dynamical behavior of the internal space and four-dimensional spacetime is opposite so that the internal space is contracting if our four-dimensional spacetime is expanding and vice versa [17, 18] . We point out an interesting picture that a dynamical compactification of extra dimensions may be realized through the cosmic inflation of our four-dimensional spacetime and the quantum back-reaction from the tiny internal space may be used to realize a reheating mechanism and a hot big bang at early universe. The internal space may have had a more direct role in the cosmological evolution of our universe [16] . In section 5, we discuss another interesting features of our model and generalizations to a ten-dimensional spacetime applicable to string theory.
Yang-Mills instantons and quantized cosmological constant
Consider an eight-dimensional spacetime M 8 whose metric is given by
where 1, 2, 3; α, β = 4, 5, 6, 7 , are local coordinates on M 8 and e A = (e m , e a ) A, B = 0, 1, · · · , 7; m, n = 0, 1, 2, 3; a, b = 4, 5, 6, 7, are orthonormal vielbeins in Γ(T * M 8 ). Let π : E → M 8 be a G-bundle over M 8 whose curvature is given by
where
are Lie algebra generators obeying the commutation relation
We choose a normalization Trτ i τ j = −δ ij . The action for the eight-dimensional Yang-Mills theory on a curved manifold M 8 is then defined by
In order to see whether Yang-Mills instantons formed in extra dimensions give rise to a vacuum energy which triggers the expansion of our Universe in four-dimensional spacetime, let us consider a simple geometry M 8 = M 3,1 × X 4 with a product metric 6) For this product geometry, the action (2.5) takes the form
(2.7) We are interested in the gauge field configuration given by 8) for which the above action reduces to
The question is if there exists any gauge field configuration for which the four-dimensional action along the internal space X 4 becomes a non-zero constant, i.e.,
It is well-known [21] that the four-dimensional gauge fields satisfying the condition (2.10) are precisely Yang-Mills instantons obeying the self-duality equation
In this case, I n = 32π 2 n with n ∈ N and the action (2.9) can be written as
Therefore we see that the Yang-Mills instantons in Eq. (2.10) generate the coupling with the quantized cosmological constant Λ in the four-dimensional spacetime.
it may be instructive to rewrite (2.12) as
where G 4 is the four-dimensional Newton constant and 2.14) has the correct dimension of the cosmological constant in four dimensions, i.e.,
H . In sum, if Yang-Mills instantons are formed in X 4 , their instanton number behaves like a (quantized) cosmological constant in M 3,1 in an approximation ignoring the gravitational back-reaction due to Yang-Mills instantons. Hence it will be interesting to examine whether the Yang-Mills instantons in the internal space can trigger a cosmic inflation in our four-dimensional spacetime. In next section we will examine this idea.
Dynamical spacetime from Yang-Mills instantons
In order to investigate whether Yang-Mills instantons in the internal space X 4 can trigger the cosmic inflation in the four-dimensional spacetime M 3,1 , and to see how the four-dimensional internal space behaves, let us consider the eight-dimensional Yang-Mills theory (2.5) coupled to Einstein gravity. It is described by the Einstein-Yang-Mills theory with the total action
where G 8 is the eight-dimensional gravitational constant. The gravitational field equations read as
with the energy-momentum tensor given by
3)
The action (2.5) leads to the equations of motion for Yang-Mills gauge fields 4) where the covariant derivative is defined with respect to both the Yang-Mills and gravitational connections, i.e., 5) and Γ M N P is the Levi-Civita connection. The equations of motion (3.4) may be written as a succinct (3.6) In the end, we need to show that the cosmic inflation triggered by the Yang-Mills instantons satisfies both (3.2) and (3.4) . Note that we have not introduced a bare cosmological constant in contrast to [20] since we do not want a static spacetime. In order to solve the equations of motion, let us consider the following ansatz for an eightdimensional metric
Although we are considering a warped product metric (3.7) , the separation such as Eq. (2.7) is still valid and the action for the gauge field configuration (2.8) reduces to
where we used the fact that the action (2.10) is invariant under the Weyl transformation h αβ → e 2f (x) h αβ . Then one can see that the equations of motion (3.4) take the simple form
It is easy to show that Eq. (3.9) is automatically satisfied as far as the gauge fields obey the self-duality equation (2.11) . In consequence, the Yang-Mills instantons satisfy the equations of motion (3.4) even in a warped spacetime with the metric (3.7).
The energy-momentum tensor (3.3) is determined by the Yang-Mills instantons and one finds that
10)
where g µν (x) = e −4f (x) g µν (x) and all indices are raised and lowered with the product metric (2.6).
We used the fact [21] that the energy-momentum tensor T αβ identically vanishes for an instanton solution satisfying Eq. (2.11). Let us denote the energy-momentum tensor T µν as the form 11) where ρ n (y) = −
4
TrF αβ F αβ is the instanton density in X 4 which is uniform along the four-dimensional spacetime M 3,1 . After incorporating a gravitational back-reaction of instantons, the energy-momentum tensor induced by Yang-Mills instantons does not precisely correspond to a cosmological constant in the warped product metric (3.7) contrary to the product metric (2.6). The coupling in Eq. (3.11) implies that the behavior of four-dimensional spacetime M 3,1 sourced by the energy-momentum tensor T µν will depend on the size of internal space X 4 characterized by the warp factor e 2f (x) . To be specific, for a fixed instanton density, if the internal space becomes small, i.e., f (x) decreasing, then the energy-momentum tensor T µν becomes large, i.e., M 3,1 more expanding, or vice versa. This fact may be used to realize a dynamical compactification of the internal space, as we will discuss later. Note that, for a single Yang-Mills instanton on R 4 with the gauge group G = SU(2), the instanton density is given by [21] 12) where y µ 0 are position moduli of an instanton and ζ is a modulus of instanton size. Under the ansatz (3.7), the gravitational field equations (3.2) read as
For the warped product geometry (3.7), the Ricci tensors are given by µ is a covariant derivative with respect to the metric g µν (x). And the Ricci scalar is given by (3.16) where R (g) and R (h) are the Ricci scalars of the metrics g µν and h αβ when f = 0, respectively. Therefore the Einstein equations take the form
A close inspection on the dependence of M 3,1 and X 4 in Eq. (3.18) leads to the condition that a solution exists only if the internal space described by the metric h αβ is a space with R (h) = constant. Then one can find a consistent solution of Eq. (3.17) only when ρ 1 (y) = constant :=
We will assume that the internal space X 4 has a conformally flat metric h αβ = e 2h(y) δ αβ . In this case, the self-duality equation (2.11) is exactly the same as the well-known case on R 4 since it is conformally invariant. Thus one may use the instanton solution (3.12) centered at the origin of R 4 .
Then the condition (3.19) reduces to h(r) = ln ζζ c r 2 + ζ 2 (3.20) where r = √ y α y α . This means that the metric on X 4 is given by 3.21) and so the internal space is precisely the four-dimensional sphere, i.e. X 4 = S 4 with the Ricci scalar
Moreover, the instanton is uniformly distributed on S 4 . 2 Therefore let us try the following metric to solve the above equations:
where we have assumed the FRW metric for our four-dimensional spacetime. 3 We will show that (3.20) is indeed a solution of the Einstein equation (3.18) . It is interesting to see that the Yang-Mills instanton in extra dimensions uniquely fixes the geometry of the internal space X 4 and leads to a compact internal space. We will further discuss this interesting physics in section 5. The Einstein equation (3.18) for the metric (3.22) leads to the following differential equation
Hence the function h(r) must satisfy the differential equation
As we promised, the solution is precisely Eq. (3.20) . Then (3.25) and the differential equation (3.23) reduces to
Similarly the Einstein equation (3.17) leads to two more differential equations
2 0 e −4f = 0, 27) where
. Since there are three equations for two unknown functions, one may think that the system would be overdetermined. However they are not independent of each other because one can show thatĖ 1 + 4ḟ (t) + 3Ḣ(t) E 1 =Ḣ(t)E 2 + 4ḟ (t)E 3 . Indeed this is a general property of general relativity. Note that the equation E 1 consists only of terms without second-order derivatives. Therefore we will solve the evolution equations, E 2 = 0 and E 3 = 0, whose initial conditions must be chosen to be consistent with the constraint equation E 1 = 0.
It may be instructive to check the consistency of Eqs. (3.26) and (3.27) .
g µν R (g) = 0, the covariant derivative on the right-hand side of Eq. (3.17) with respect to ∇ µ (g) has to identically vanish. After a little algebra, one can show that this condition is reduced to the equation
It is easy to see that E 4 =ḟ (E 3 − E 1 ), so Eq. (3.28) is indeed satisfied. One can also deduce the equation of motion for the scale factor f (t) as
2 0
In our model, we will see that the dynamical behavior of the internal space and four-dimensional spacetime is opposite, as we noted below Eq. (3.11) . That is, a generic solution shows an interesting behavior so that the internal space is contracting if our four-dimensional spacetime is expanding and vice versa. A similar feature was also observed in [17, 18] , but in the case without instantons. It may be understood as a consequence of volume-preserving diffeomorphisms in general relativity. Therefore the expansion of our four-dimensional spacetime simultaneously accompanies a contraction of extra dimensions. This leads to an interesting picture that a dynamical compactification of extra dimensions may be realized through the cosmic expansion of our four-dimensional spacetime. However, the internal space is a compact space, i.e., the four-dimensional sphere S 4 . Since the internal space is a compact space with a smeared instanton, the contraction cannot last forever but should end at some critical radius. Then it is reasonable to expect a huge quantum back-reaction from the tiny internal space and a matter production via quantum fluctuations. We will further discuss later how the quantum back-reaction from the tiny internal space can be used to realize a reheating mechanism and a hot big bang at early universe.
Probing solution space
In this section, we investigate the solution space spanned by the instanton spacetime in the previous section. First we probe the solution space with flows and then analyze a perturbative solution near the boundary of an allowed parameter space.
Solution space with flows
As we discussed in the previous section, the three equations, E 1 = 0, E 2 = 0 and E 3 = 0, are not independent. Actually, E 1 = 0 plays a role of the constraint on initial values, so we have to solve another two equations, E 2 = 0 and E 3 = 0, with an initial condition chosen to satisfy the constraint E 1 = 0. Indeed we will consider the flow of solutions by varying the initial conditions. First note that the system of the differential equations is controlled by two parameters, ζ c and ζ 0 . On the one hand, ζ c is related to the radius R of the internal space by R = . On the other hand, ζ 0 is related to the four-dimensional effective cosmological constant as follows: is identified with G 4 in Eq. (2.13). To find a numerical solution for the differential equations, let us consider a scaling for the time coordinate for convenience:
With this scaling, the equations are given by
2)
where we definedζ asζ 2 ≡
. Now we take into account the response of a solution on a specific initial condition. Since H appears only in the form ofḢ in the above equations, the only relevant initial condition is defined bẏ H(0),ḟ (0) and f (0). However, f (0) is determined by the constraint e 1 = 0 onceḢ(0) andḟ (0) are given. Therefore we can describe the solution space by the set of three parametersḢ(0),ḟ (0) andζ.
In order to get some intuition of the solution space, let us examine the simplest case in the limit ζ =
2R
√ Λ → ∞. There are two possibilities for this limit such that the background corresponds to a very small internal space, R → 0, with fixed Λ or a very small cosmological constant, Λ → 0, with fixed R. In this approximation, the equations are simplified as follows: WheneverḢ(0) andḟ (0) are given, the initial information f (0) is determined byẽ 1 = 0. In this case, the evolution equations are given bÿ 
Given a consistent initial condition, one can find the flow of solutions by solving the above equations. We present the flow of solutions in Fig. 1 where a(t) ≡ e H(t) and b(t) ≡ e f (t) . Once we choose a point in the space (ḟ ,Ḣ) as an initial condition, the flow follows the curve which passes through the point in the figure. The gray regions are excluded by the constraint equation 2ḟ 2 + 4ḟḢ +Ḣ 2 < 0 coming fromẽ 1 = 0. In the lower right region,ḟ is positive andḢ is negative, so the internal space having the instanton is expanding while our (3+1)-dimensional spacetime is shrinking. Hence this region may not be of interest. However, the upper left region has positiveḢ and negativeḟ . Thus this region may be interesting since the solution space would be relevant to a dynamical compactification of the internal space through the inflationary spacetime. The solutions start from the white region where our universe is in the phase of decerelating expansion (ä < 0) while the internal space undergoes an accelerating contraction and then its contraction is decelerating in the yellow subregion. After that, the solutions enter to the light orange and green subregions that show an accelerating universe (ä > 0) with a decelerating internal space. In the latter regions, our universe expands more rapidly while the internal space shrinks more slowly. Therefore all the initial conditions in the upper left region result in (3+1)-dimensional inflating spacetimes with a contracting internal space. Since Fig. 1 describes the case with a very small internal space, it would correspond to a final stage of the inflation if it started with a very large internal space.
In this limit, we can find a special solution whenḢ = − 2 ± √ 2 ḟ . This is nothing but the boundary in Fig. 1 , where e −2f (t) vanishes. Thus the size of the internal space is infinite but decreasing. We choose the minus sign to describe the inflating case in the green part of Fig. 1 . In this case The flow of solutions with e −2f = X − : white (f > 0,ä < 0,Ḧ < 0), yellow (f < 0,ä < 0,
we find the solution as the forṁ
where v H :=Ḣ(0). Using this solution, one can compute the e-folding number N until t = t f as follows: (4.10) Suppose that the initial point (ḟ (0),Ḣ(0)) is slightly inward from the boundary. Then one can examine the volume of the internal space and its evolution. The e-folding number in this case is not much different from the above consideration. This seems to imply a relation between the e-folding number and the size of internal space at the end of inflation. We move on to the solution space with finiteζ 0 . To find a solution in this case, it is convenient to consider the following scaling symmetry 4.11) for the set of the equations, {e 1 , e 2 , e 3 } = 0. Then the differential equations take the following forms In order to find solutions, we need to impose initial conditions obeying the constraintē 1 = 0. Once a point in the space (ḟ ,Ḣ) is chosen as an initial condition, as we did in the previous analysis, one can then solve the equation,ē 1 = 0, to find an initial value f (0):
By plugging these intoē 2 = 0 andē 3 = 0, one can construct the flow equations for (f ,Ḧ). First let us consider the case with e −2f = X − . The flow equations are given bÿ f = 2Ḣ 2 + 5ḟḢ + 4 √ 3 4ḟḢ + 2ḟ 2 +Ḣ 2 + 48 + 48, (4.16)
The flow of solutions is shown up in Fig. 2 . In this figure the gray subregions are excluded again since e −2f becomes a complex number there. One can see that all the solutions flow into the region withḟ > 0 andḢ < 0. For this reason, we are not interested in this case. The other situation is the case with e −2f = X + . Here, one may notice an interesting feature that the size of internal space has the minimum value given by e 2f = 1/12, i.e.
. Similarly one shown in Fig. 5 . This is the same flow solution in Fig. 3 except the size of the parameter space (ḟ ,Ḣ).
can get the flow equations for (f ,Ḧ) given bÿ
The result in this case is shown up in Fig. 3 . Some excluded regions also appear. In the upper left and lower right regions, e −2f becomes a complex number so that they are not physically allowed. In addition, in the lower left and upper right regions, e −2f becomes negative, so they are not allowed either as a physical solution space. Solutions with consistent initial conditionsḢ > 0 andḟ < 0 flow to the solution space ofä > 0 andf < 0 finally. Therefore, we can obtain (3+1)-dimensional inflating spacetimes with a contracting internal space. For this reason, the upper left side is a welcomed place for our universe. We would like to briefly comment on the scaling property of solutions. Since we have scaled the time coordinate by (4.18) considering a narrow parameter space of (ḟ ,Ḣ) corresponds to considering the solution space with a largerζ. In Fig. 4 , we display the flow of solutions with a wider parameter region and a narrower parameter region, respectively. One can notice that the figure for the narrow parameter region is very similar to Fig. 1 only on the ratio of the eight-dimensional couplings in Yang-Mills theory and gravity. In addition, solutions depend on two more parameters, H(0) and ζ c = 2R, which govern the initial sizes of the (3+1)-dimensional spacetime and the four-dimensional internal space. It is reasonable to imagine that the volumes of two spaces are comparable each other at the beginning. A typical solution for such a background is shown in Fig. 5 , whose solution curve is indicated by the dashed line in Fig. 3 and the left figure in Fig. 4 . Now, let us discuss the late time behavior of solutions. As Fig. 4 indicates, the allowed region of the solution space gets narrower asḢ becomes lager. One can easily show that the width of the allowed region for negativeḟ is given by ∆Ḣ = √ 2 |ḟ | − ḟ 2 − 24 . The upper boundary of the allowed region is determined by the equation, 4ḟḢ + 2ḟ 2 +Ḣ 2 + 48 = 0, which also appears in the flow equation (4.17) . For a largeḢ > 0, the boundary is given byḢ ∼ − 2 ± √ 2 ḟ . Both branches correspond to solutions with a (3+1)-dimensional expanding spacetime (Ḣ > 0) but a contracting four-dimensional internal space (ḟ < 0). In this case, the flow equation becomes (4.19) It leads to the behaviorä(t)
in the minus-branch, the expansion of the (3+1)-dimensional spacetime is accelerating whereas the contraction of the four-dimensional internal space is decelerating but, in the plus-branch, the behavior is opposite. However, the contraction of the four-dimensional internal space in the minus-branch cannot be forever because the internal space is a compact space, i.e., the four-dimensional sphere S 4 , where the instanton is supported. It is reasonable to expect that quantum gravity effect cannot be ignored as the internal space is getting smaller and smaller. If so, a huge quantum back-reaction from the tiny internal space will arise at some critical radius. Due to the back-reaction, the internal space may be oscillating around the critical radius. As a result, some matters may be produced by quantum fluctuations. Thus it is necessary to turn on the fluctuations of Yang-Mills gauge fields around the instanton background (2.8) as well as metric fluctuations near the background metric (3.22) . It will be interesting to consider the effect of quantum fluctuations coupled to the Einstein-Yang-Mills theory with an instanton background.
Perturbative solution
We found an interesting behavior of generic solutions showing that the internal space is contracting if our four-dimensional spacetime is expanding and vice versa. Since the internal space in our case is not an empty space but supports the Yang-Mills instanton contrary to the situation in [17, 18] , there may be naturally a large quantum back-reaction (a.k.a. reheating) after the dynamical compactification of extra dimensions via the inflation in higher-dimensional spacetimes such as string theory. In this subsection, we focus on the case with e −2f = X + and find an approximate solution. Although our model is a preliminary step to apply to the ten-dimensional string theory, this solution may give us a more clear way to constrain the parameters of the model from the cosmological data.
In the previous subsection, we found that there is an exact solution flow (4.9) moving along the boundary of the solution space in the limitζ → ∞. In this limit, it is easy to show that Eq. (4.17) satisfying the relationḢ = −(2 − √ 2)ḟ reduces to the equations
These equations are not independent of each other since they are related by the constraintḢ = −(2 − √ 2)ḟ . The solution is given by (4.9) and this solution may be extended to a finite but largẽ ζ. So we would like to find another solution that is slightly off the lower boundary. To get such a solution, we introduce a following perturbatioṅ 21) whereḢ b (t) andḟ b (t) denote the lower boundary solution (4.9) and λ is a small expansion parameter. We will focus on the linear order in λ from now on. Then the linearized equations are given by
The above equations are a coupled linear differential equation. The solution can be obtained as follows: 24) where the integration constants are given in terms of the initial condition:
Now one may examine an early stage of inflation. The inflation is defined by the conditionä > 0 where a(t) = e H(t) . This condition can be written as
From this equation one can determine a constraint of initial conditions for the beginning of inflation. However the linear approximation is not enough to describe the evolution near the beginning. Thus we have to wait some time until the linear approximation becomes valid. During this period, some amounts of e-folding would be accumulated. We denote this e-folding by N i . For a convenience, we may set t = 0 when the linear approximation starts to be valid. Then the total e-folding can be written as follows [4, 8] 
The above integration can be evaluated to determine the e-folding number N and it is given by 28) where
29)
The figure 3 indicates that the accelerating expansion of our four-dimensional spacetime may be lasted for a sufficiently long period although we do not have enough information about the rapidity of the flow and the status of the last stage of the inflation. If the expansion is lasted for until t f ≈
v H
, the e-folding number could be sufficiently large, possibly, N ∼ 60.
Another important physical quantity is the size of internal space. The length scale corresponding to the space is given by e f (t) ζ c /ζ which is determined by solving the constraint e −2f = X + . Using the linear solution (4.23) , one can compute the leading order of e 2f to yield for visualization. The light orange region stands forä > 0 and thus the dashed blue line can be regarded as a set of starting initial points for inflation.
We plot this function in Fig. 6 with a specific initial condition. One can see that the internal space size is rapidly decreasing but it could not be smaller than
. Quantum gravity effects may not be ignored when the scale e f (t) ζ c /ζ is comparable with the Planck length.
According to a simple dimensional analysis, we have the relation
s with a typical microscopic scale l s where the quantum gravity effect becomes significant. Therefore one can expect that there will be a large quantum back-reaction from the tiny internal space with the size of roughly ∼ 10l s . Then there will be an oscillating period as a result of the gravitational back-reaction, and the inflation would stop with a large amount of matter production via the coupling of the oscillating modes with Yang-Mills gauge fields and metric fluctuations in Einstein-Yang-Mills theory. This phenomenon would correspond to a reheating mechanism in inflationary cosmology. Thus we speculate that the internal space can be stabilized through the quantum back-reaction from the tiny internal space and the stabilized length scale may be the same order of e
It means that the dynamical relaxation of the internal space is closely correlated with the matter generation in our four-dimensional spacetime via the reheating mechanism. If our speculation is true, our toy model simultaneously provides the dynamical compactification of extra dimensions through the cosmic inflation of our four-dimensional spacetime as well as the reheating mechanism in inflationary cosmology via the quantum back-reaction from the tiny internal space. Then our universe will finally enter into a hot big bang in radiation-dominated era with the internal space of Planck size.
When the internal space experiences a large quantum back-reaction, it enters to a phase of UV physics with a strong gravity since quantum fluctuations would be blue-shifted due to the contraction of the internal space. However it is well-known [4, 8] that quantum fluctuations in four-dimensional spacetime would be red-shifted during the inflation and generate an almost scale-invariant spectrum of density perturbations. Therefore the inflating spacetime would be dominated by the IR physics. This implies that the UV physics in internal space may be deeply related to the IR physics in fourdimensional spacetime at late times of inflation. Note that non-Abelian gauge theory in four dimensions is weakly coupled in UV regime while four-dimensional gravity is strongly coupled. However, this behavior is reversed at IR. It further implies that the role of gravity and gauge theory in the internal space and four-dimensional spacetime would be very different for the reheating mechanism. This feature is very reminiscent of the UV/IR interplay discussed in several literatures [22] .
Discussion
We have considered Yang-Mills instantons on a four-dimensional internal space X 4 whose instanton number is given by
In this case, the instanton action S =
is metric-independent as Eq. (5.1) indicates [21] . We have observed in section 3 that the dynamical spacetime generated by Yang-Mills instantons in X 4 is consistent only if the instanton density is constant, i.e., ρ n (y) = constant; in our case, ρ 1 (y) = 48/ζ . In this case, the instanton action is simply proportional to the volume of the internal space X 4 . To be specific, it is given by
For the solution (3.20) , for example, the volume of X 4 is given by vol(
. However, this result suggests several interesting implications and leads to questions.
Suppose that there was no instanton at the beginning, so T µν = 0 in Eq. (3.14) . Then a natural vacuum geometry is the eight-dimensional flat Minkowski spacetime R 7,1 although a general vacuum geometry is of the form M 8 = R 3,1 × X 4 with a Ricci-flat manifold X 4 such as K3 or any hyperKähler manifolds. Assume that, after a while, Yang-Mills instantons of the type (2.8) are formed in the internal space X 4 . We have analyzed what happens in the eight-dimensional spacetime after the instanton formation. As a result of the instanton formation, the internal space X 4 is compactified from R 4 to S 4 . 5 Furthermore, there is a branch where the size of the internal space is decreasing when our four-dimensional spacetime is expanding. Note that this compactification is a topology-changing process. But there is a well-known theorem [23] showing that generic topology-changing spacetimes are singular. Thus such a topology change does not seem to be allowed in classical general relativity and it necessarily accompanies a quantum gravity effect beyond the general relativity. Hence this topology-changing process may be possible only at early universe where quantum gravity effect is very strong. Our original motivation of instanton induced inflation was to overcome the difficulties of stringy inflation using scalar fields, i.e. moduli fields, that we have discussed in section 1. Our toy model may be embedded into string theory by introducing a two-dimensional torus T 2 as a spectator. So the ten-dimensional target spacetime becomes M 8 × T 2 . We need to embed the four-dimensional instanton solution (2.8) into a ten-dimensional Yang-Mills gauge theory. Actually it can be done by the simple ansatz
where z i (i = 1, 2) are coordinates on T 2 . The ten-dimensional Yang-Mills gauge theory may be simply embedded into heterotic string theory by considering the Yang-Mills gauge group G as a subgroup of E 8 × E 8 or SO(32). More interesting model which can be embedded into string theory is to consider six-dimensional Hermitian Yang-Mills instantons [24] in the ten-dimensional EinsteinYang-Mills theory with a gauge group G. The gauge group G can be simply embedded into E 8 × E 8 or SO(32) in heterotic string theory. One may take the ansatz 4) where y α (α = 1, · · · , 6) are now coordinates on a six-dimensional manifold X 6 , e.g., a Calabi-Yau manifold. In this case, the ten-dimensional Yang-Mills gauge theory is reduced to the six-dimensional gauge theory on X 6 whose action is similar to Eq. (2.9). The Hermitian Yang-Mills instanton is defined by rewriting the six-dimensional Yang-Mills gauge theory as the Bogomol'nyi form [25] 
TrF ∧ F ∧ Ω, 5 Although the vacuum transition from no instanton to instantons seems to be an energy-violating process at first sight, we have checked at the end of section 3 that this kind of vacuum transition becomes consistent after incorporating the gravitational back-reaction. In our case, the existence of instantons is an initial condition at an early universe as a consistent vacuum solution of the eight-dimensional Einstein-Yang-Mills theory (3.1). We did not address the issue on the vacuum transition. We need a quantum gravity theory to understand how the vacuum transition is physically realized as a nonperturbative time evolution.
where Ω is a Kähler form on X 6 . The action is minimized by the configuration satisfying the Hermitian Yang-Mills equation Then the stability condition is automatically satisfied, i.e. Ω ab F ab = 0, so the action for the Hermitian Yang-Mills instantons is given by
which is known as a topological number [26] . Therefore the Hermitian Yang-Mills instantons formed in the six-dimensional internal space also generate a (quantized) cosmological constant. Thus it is necessary to incorporate the gravitational back-reaction from the Hermitian Yang-Mills instantons as we examined for the case of four-dimensional Yang-Mills instantons. One crucial difference compared to the four-dimensional case is that the energy-momentum tensor T αβ in Eq. (3.10) no longer vanishes. This fact may allow us a localized Hermitian Yang-Mills instanton in X 6 as an anti-gravitating matter source in our four-dimensional spacetime. We expect that this model can be embedded into heterotic string theory. We hope to report our progress along this direction in the near future. Our model can be supersymmetrized and described by a ten-dimensional N = 1 heterotic supergravity [27] . In this supersymmetric setup, four-dimensional Yang-Mills instantons (5.3) and sixdimensional Hermitian Yang-Mills instantons (5.4) are BPS states. Then our model may provide an interesting mechanism for the dynamical supersymmetry breaking. As we observed in section 3, Yang-Mills instantons in extra dimensions develop a time-dependence in the gravitational metric after incorporating their gravitational back-reaction. The time-dependent dynamical spacetime will break the underlying supersymmetry preserved by the BPS state. It will be interesting to investigate in some detail the dynamical supersymmetry breaking by Yang-Mills instantons acting as an anti-gravitating matter source.
Although we have shown that the Yang-Mills instantons in extra dimensions can trigger the expansion of our Universe in four-dimensional spacetime as well as the dynamical compactification of extra dimensions, it is not clear yet whether the instanton based inflation really provides a viable inflationary model. It would be necessary to test the cosmological application and consistency such as the slow roll inflation with a scale-invariant spectrum and density perturbations. We will report our result in the follow-ups.
Note added: After submitting this paper to arXiv, we were informed closely related works [28, 29] by Muneto Nitta and EoinÓ Colgáin whom we thank for the information. Let us comment about some crucial difference of our work from Ref. [29] . In our paper, we have not introduced a bare cosmological constant unlike the case in [29] . Nevertheless we have found that the internal geometry becomes S 4 (a Euclidean de Sitter space) due to the presence of an instanton and it is uniquely fixed by the equations of motion whereas it was assumed in [29] from the beginning. One of the interesting features in our paper is that the dynamical compactification of extra dimensions simultanously happens with the cosmic expansion of our four-dimensional spacetime. We understand this behavior as a consequence of volume-preserving diffeomorphisms in general relativity. However this conclusion is not valid with a cosmological constant which allows even a static solution R 3,1 × S
